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ABSTRACT

Let Rj be the quantum R-matrix corresponding to a Drinfeld—-Jimbo
quantum group Up(G). Suppose a finite dimensional representation Mp
of Up(G) is given. Then Rj induces an operator on M,?2 and Sy, its com-
position with the standard transposition, is the Yang-Baxter operator. It
turns out that the space M,?2 admits the decomposition M; = @? Jin
where J;p, are the eigensubspaces of Sp. Consider the quadratic algebras
(Mp, E:) where E,’: = @i;ﬁk Jin. We prove that all (M}, E,’:) are flat de-
formations of the quadratic algebras (Vo, EY). Let End(Mp; Jin, .., Jnn)
be the quantum semigroup corresponding to this decomposition. Our sec-
ond result is that this gives a flat deformation of the quantum semigroup
End(My; J1,0,- .., Jn,0)-

Introduction

One of the important operators appearing in the theory of quantum groups is
the Yang-Baxter operator, Sy, also called the quantum symmetry constraint.
It is given by composition of the standard transposition with the quantum R-
matrix, Rp. If My, Ny are representations of the quantized universal envelop-
ing (QUE) algebra, U,(G), which are, respectively, deformations of the rep-
resentations M and N of U(G), then S, defines an intertwining operator be-
tween the representation My ® N and N ® M. We are interested in the
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case when M = N with M an arbitrary, not necessarily irreducible, represen-
tation. As we explain in §1, Sp is a diagonalizable element of End(M), ® My).
For the study of quantum spaces we consider A, an eigenvalue of S} acting
on My ® My, and define the subspace Ey, = Im(Sy, — Ap) C M) ® M), which
is complementary to the A, eigenspace of S,. For the case of quantum semi-
groups we consider the representation of U,(G) on End(M},) and the subspace
Eh aa = Im([Sh, ]) C End(M), ® M) = End(M,,) ® End(M}).

The quadratic algebra {M, E} is, by definition, the quotient of the tensor
algebra by the ideal generated by the “quadratic” subspace £ of M ® M. In
this paper we study the h dependent families of quadratic algebras {M}, Ey, }
and {End(Mp), Epaa}. The first family is generated by a quadratic subspace
complementary to the A, eigenspace of S, and so depends on the choice of the
eigenvalue. The first example gives us the function algebra of a quantum space.
The second example is more canonical, being the quotient of the tensor algebra
of End(M3) by the ideal generated by the subspace

Im[Sh, ] =span{SpLo X @Y — X ®Y o Si}

in End(M}) ® End(M). This is the standard Fade’ev—Reshetikhin-Takhtajan
construction of the quantum semigroup corresponding to the Yang-Baxter oper-
ator Sp.

The basic question which concerns us is whether the dimension of the homo-
geneous components is constant in h near 0. When this occurs the family is said
to be flat and the parametrized family is called a deformation of the quadratic
algebra at h = 0.

A necessary condition for flatness is clearly that the space Ey, have constant
dimension. The limit of Sy at h = 0 is the classical transposition, o(u ® v) =
v ® u with eigenvalues +1 and eigenspaces, the symmetric or skew symmetric
two tensors, E4. When there are more than two eigenvalues of Sy, for A # 0 the
dimension of the eigenspace for some A, goes up at h = 0 and, as a consequence,
the dimension of E,, will drop. In this case we replace E4 with the subspace
limh_,o FE An

Our first result, Theorem 1.1, states that for any eigenvalue the resulting family
of quadratic algebras is flat. Moreover one can identify the coefficient, A, of the
linear term in the power series expansion in h of Ay = £1 + hX + O(h?), as an
eigenvalue of the polarized Casimir operator, t, acting on M ® M. The limiting
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subspace defined above, denoted E) 4, is a complement to the intersection of the
+1 eigenspace of o and the ) eigenspace of t. Stated differently: For an arbitrary
representation M, a choice of the symmetric or the skew symmetric subspace
of M ® M and an eigenvalue A of ¢ on that subspace, the quadratic algebra
{Mp, E\, } determines a (flat) deformation of the quadratic algebra {M, E 4 }.

Our second result, Theorem 4.1, states that the quantum semigroup corre-
sponding to the Yang-Baxter operator, S, determines a (flat) deformation of
the semigroup {A € End(M)|[A ® A, t] = 0}. This leads us to some interesting
new examples which deserve further study.

In the remarks following the statement of Theorem 1.1 and a further remark
following its proof in §3 we explain why the analogous result to Theorem 1.1 is
not true when E), is replaced by Im(S, —Ap)N---NIm(S, — A}), the complement
to the sum of two or more eigenspaces of Sj.

The proof of Theorem 1.1 is based on the existence of an equivalence of
the braided monoidal categories between the category of representations of the
Drinfeld-Jimbo QUE algebra, U (G), and the category of representations of Drin-
feld’s quasi-Hopf deformation. The latter will be denoted U(G)g, where ® stands
for the (non-trivial) associativity constraint. The quantum symmetry in the cat-
egory of representations of U(G)g is transposition composed with e*. Using this
instead of S, gives rise to a family of quadratic algebras, which are not associa-
tive, but the nonassociativity is controlled by the associativity constraint given by
the action of ®; see Proposition 2.1. The equivalence of categories determines a
linear isomorphism between this nonassociative quadratic algebra and the corre-
sponding associative quadratic algebras defined using Sj. Flatness for the family
of nonassociative quadratic algebras can be proved by elementary arguments.

The paper is organized as follows: Section 1 contains the basic definitions
and the statement of the main theorem. Section 2 introduces the notion of
monoidal categories “fibered over a category of A-modules” and defines the
“quasi-associative tensor algebra” generated by an object in A. Proposition 2.2
describes a natural A module isomorphism between quasi-associative tensor al-
gebras which arises from an equivalence of fibered monoidal categories. Section
3 specializes the discussion to the case of the Drinfeld-Jimbo QUE algebra and
Drinfeld’s quasi-Hopf QUE algebra. Proposition 3.1 establishes the flatness of
the quasi-associative quadratic algebra and, by the isomorphism theorem of sec-

tion 2, this proves the main theorem. In section 4 we prove the main theorem
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for quantum semigroups. In section 6 we consider a number of examples and, in
particular, apply these methods to study the flatness of what Manin [9] has called
quantum semigroups, that is, the Fade’ev—Reshetikhin—Takhtajan type quanti-
zation of semigroups of endomorphisms, conformal orthogonal endomorphisms,
and the conformal symplectic endomorphisms, [6].

In writing this paper we benefited greatly from discussions with Joseph
Bernstein which led to the clarification of a number of points, in particular the
issue of multiple eigenvalues. We would also like to thank the referee for several
helpful remarks.

1. Some background and statement of the main theorem

Our arguments involve formal algebraic calculations and therefore it will be con-
venient to replace the family of algebras depending on a numerical parameter h
with algebras defined over the ring of formal power series, C[[h]]. We return to
the case of dependence on a numerical parameter at the end of this section.

Let M be a module over a commutative ring A. For our applications A will
be either the complex field, C, or the formal power series ring, C[[h]]. We use
M ® M or M®? to denote the tensor product over A, M ® 4 M, and similarly for
higher tensor powers. When A is the formal power series ring, M ® M will denote
the completion of the tensor product in the Krull topology. For any vector space
M, M([h]] will denote the formal power series with coefficients in M. With this
convention we can identity M®"{[h]] and (M[[k]])®". The full tensor algebra will

be denoted -
QM =P me.
n=1

Following Manin [9], for any E C M ® M, we define the quadratic algebra {M, E'}
to be the quotient of the tensor algebra by the ideal Ir generated by the quadratic
component, E, that is, the component Ig in degree n is

IMN=E@M® 2+ MQEQ®M®"3+...4+ M®2QE,
and the quadratic algebra is
{M,E} = (Q) M)/I5.

A formal deformation of an algebra B over C is an algebra By, over the
formal power series ring C{[h]] satisfying the conditions:

(1) As an C[[h]] module, B, = B[[h]],
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(2) Bin/hBp = B as C algebras.
We refer to the first condition as formal flatness.

A quadratic deformation of a quadratic algebra {M, E} is a deformation
that is itself a quadratic algebra over C[[A]] of the type {M4, Er} where M) &
M{[h]} and Ep, = E[[h]] as C[[h]] modules.

Let U, (G) be the well-known Drinfeld-Jimbo QUE algebra, for G a simple Lie
algebra over C, [4][6], with multiplication pp, comultiplication A, and R-matrix
R4. Since U(G) is rigid as an algebra, there is a C[[h]] algebra automorphism
congruent to the identity mod h, &, such that

th o (€n ®En) = En o s

where p is the standard (undeformed) multiplication on U(G) extended C[[h]]
linearly. We shall modify the presentation of U (G) by conjugating the operations
by &, and denote the deformation in this new presentation by Uj (G):

(1.1)

UO)[A]), 1 = & Toun(€ncn), AL = (6 @& HoArotn, RY, = (&5 ®&; ) (Ra))-

The correspondence between the representations of Ux(G) and Uy, (G) is given by
composition with &x; if ps is a representation of Ux(G) then pj, = pp o &y is a
representation of Uy (G), and conversely. Representing R}, by p}, ® pj, gives the
same result as representing R, by pp ® pn and thus the Yang-Baxter operators
related to Un(G) and U} (G) are the same.

Henceforth, when referring to the Drinfeld-Jimbo QUE algbra we mean U} (G).

Let (M, p) be a representation of U(G). Let pj be the C[[h]] linear extension
to a representation of Uy(G) on My = M[[h]]. Define Ry, = (pr ® pn)Rhp. Let o
be the transposition c(u® v) = v Q@ u and S, = g o Ry,.

Let {X;} be an orthonormal basis of G relative to the Killing form and
(1.2) t=> X;0X;c6®¢
be the polarized or “split” Casimir element. The equivalence theorem of Drinfeld

[5], see §3 below, shows that there exists an 5, € U(G)®?[[h]], congruent to 1®1
mod h, such that

(1.3) Ri = Frare™ F
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Thus R, = thlehtF}Tl where Fj, = (ph ® ph)(]:h) and t = (p ® p)(t). The
eigenvalues of Sy, are \; = eh*
of t on S2(M) and p; the eigenvalues of t on A2(M). Furthermore, the multiplicity

of X; 5 is the same as that of A; and similarly for the p;’s. To simplify notation

¢ and pjp = —e"i where ); are the eigenvalues

we shall fix an eigenvalue A = A; and consider the case A, = A;n = +1 mod h.

Obviously the case p; 5, = —1 mod & is completely analogous. Let
(1.4) B}, =Im(Sh — \n) = @ hFu(Jx) @ @Fh
PUSY

where Jy and J, are the eigenspaces of t on S?(M) and A%(M) respectively. The
factor of k in the first summand arises when there is more than one component
Jy because A\p, — X}, = 0 mod h. In this case (M, ® My )/EY, is not a free module
and the resulting family of quadratic algebras is not flat.

To remedy this situation we add another component, F(Im(t — A)|s2(v)), to
the definition of E;. Define the element

(1.5) Ty = FatF; ' € U(G)®2[[A]],

and Ty = pr ® pr(Th), and let A be any eigenvalue of ¢ on S%2(M). Define

(1.6) E)\h = Im(a oRy — eh’\) + Im(Th — /\)
At h =0 we get
(1.7 Eyx =Im(oc— 1)+ Im(¢t — ))

Recall that we are only explicitly considering one of the two possible cases.

The other case when u is an eigenvalue of ¢ on the antisymmetric elements gives

us
(1.8) E,, =1Im(o o Ry + €") + Im(T}, — p),
(1.9) E, =Im(c +1) + Im(t — p).

THEOREM 1.1: Let M be an arbitrary, not necessarily irreducible, representation
of a simple Lie algebra G over C. Let t be the split Casimir element (1.2), A, an
eigenvalue of t on S*(M) and A\, = e"*. Define E\, and E by (1.6) and (1.7)
respectively; then the quadratic algebra {My, E,, } is formally flat and defines a
quadratic deformation of {M, E»}. A similar statement is true for y an eigenvalue
of t on A2(M) and the quadratic algebra {My, E,, } defined by (1.8).
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Remarks:

(1) In definition (1.6) of E),, the second component, Im(T, — Ap), which we
add to E}, = Im(S, — e"*), is essential in order to insure flatness because h is
not invertible in C[[h]]. However, if we were to localize at h = 0 and pass to the
field (C[[h]])(n) of formal Laurent series, the resulting quadratic algebra would
be defined by Ej alone since Ej, ® (C[[h]])(r) = En @ (C[[A]]) (n)-

(2) Suppose that the multiplicities of the eigenvalues of the quantum trans-
position, Sy, jump at A = 0. Then we redefine the space F as the limit of
an eigenspace for h # 0. In the context of formal power series this is done by
adding one additional relation given by ¢ — A. This explains the extra compo-
nent Im(t — A) in the definition (1.7). In this case we do not get the standard
Fuode’ev—-Reshetikhin—Takhtajan construction which would not be flat.

(3) When A can be taken as a numerical parameter, as in the case when the
transposition involves the standard Drinfeld-Jimbo R-matrix, the condition of
formal flatness implies that the dimension of each homogeneous component is
constant in A in some neighborhood of 0. This is so because formal flatness is

equivalent to the defining ideal having a complementary C[[h]] submodule:
ME =™ g gt

Consider the matrix of coefficients representing the generators of J ,En) =
ME/I ,(l") relative to a standard basis of M2". It has a minor of maximal
rank whose determinant is an invertible element of C[[h]]. This implies that in
some neighborhood of 0, the dimension of M®"/I }(L") as a vector space over C
is constant. However, one cannot expect that the neighborhood can be chosen
uniformly for all homogeneous components since the dimension of the nth ho-
mogeneous component is directly related to the structure of the subalgebra of
End(M®™) generated by n — 1 Yang-Baxter operators. For example, when the
image of t in End(M®2) has two eigenvalues, Ay, that subalgebra is a Hecke
algebra with n — 1 generators, X;, satisfying (X; — ¢4 )(X; — ¢—) = 0, where
g+ = €™+, Such an algebra is semisimple except when the ratio of the eigenval-
ues is an (n — 1)st root of unity. The exceptional values depend on the order of
the tensor product.

(4) If we try to define a quadratic algebra quantization relative to the family
Ep = Im(Sp — Arp) 0+ -NIm(S, — Ag,n) complementary to the sum of two or
more eigenspaces, then we run into problems as the following example shows.
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Let M be the 4 dimensional representation of sl(2), then M ® M is the sum of
four irreducible subrepresentations of dimensions 7,5,3, and 1, each of which
is an eigenspace of the split Casimir operator. The subspace A2M is com-
plementary to the 7 and 3 dimensional subrepresentations, and has the form
Im(t — A) NIm(t — A') = Im((t — A)(t — X)). Suppose that the family of qua-
dratic subspaces Ej, = Im(Sy, — Ap) N Im(S, — A}) extending Eg = A2M defined
a quadratic algebra deformation. This would give a quantization of the classical
Drinfeld—Jimbo R-matrix bracket

(1.10) {f,9} =X+ fX-g—XygX_f

on the algebra of polynomials on M. However, it is easy to check explicitly that
this bracket doesn’t satisfy the Jacobi identity. If the Drinfeld-Jimbo quantum
R-matrix for Uy(sl(2)) defined a quadratic algebra deformation {M;, Ex}, the
bracket (1.10) would be the leading term of the commutator of the product in
the deformation and therefore would satisfy the Jacobi identity.

This shows that the construction will not, in general, work when we consider
more than one eigenvalue; however, what actually goes wrong has not really been
explained. We will return to this example in the remarks at the end of §3, when
the cause of the problem will be clearer.

The proof of the theorem is given in section 3. Rather than prove the theorem
directly we define an “equivalent” quadratic algebra in a category with nonasso-
ciative tensor product. In the next section we extend the definition of quadratic
algebras to this non-associative setting.

2. Quasi-associative tensor algebras

We assume that the reader is familiar with the basic theory of monoidal cate-
gories, but repeat the following definition to fix the terminology. For more details
see [11]. ,

Given two monoidal categories, C, D, a functor £: C — D is called a monoidal

unctor if it satisfies the following conditions:
f g
(1) The image of the identity.in C is equivalent to the identity in D,
g(lc) ~ 1p.
(2) There is a natural equivalence of functors £(X ®c Y)fﬂyé' (X)®p E(Y).
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(3) The associativity constraint, axyz, of C is transformed into the
associativity constraint of D. The diagram

£(ax,v,z)
—

E(X®cY)®c 2Z) E(X ®c (Y &c 7))

(fx,Y@id)(fX®Y,Z)l (id ®fy,z)fx,y®zl

(E(X) ©p E(Y)) @p E(Z) —2EDED, £(X) @p (E(Y) @D £(Z))

is commutative.

Dropping condition (3) defines what we shall call a multiplicative functor
between monoidal categories.

Let Mod 4 be the category of modules over a commutative algebra A with the
monoidal structure given by the standard tensor product of A modules, M ®4 N.
We say that a monoidal category, C, is fibered over Mod s when there is given
a multiplicative functor, 7, from C to the category Mods. The associativity
constraint induces in the natural way a transformation (7(X)®7 (Y))®7(Z) —
T(X)® (T(Y)® T(Z)) given by the formula,

(2.1) ax,vz = ([d®fy,z) o fxyezoT(axy.z)o fxgyz o (fxy ®id).

The functor 7 is not necessarily monoidal because the morphism ax y,z is
not necessarily the associativity constraint of the category Mody. Let X be
an object of C and M = T(X). The following construction was first introduced
by Markl and Stasheff, [10]. For convenience, we replace the explicit placement
of parentheses in the non-associative tensor product with subscripts indicating
symbolically their position. By an “n-fold bracketing” we mean an expression
with n e’s and n — 2 parentheses describing one of the possible non-associative
products of n elements, that is, one of the possible sequences of n — 1 binary
operations. Let M®™ be the non-associative tensor product corresponding to the
n-fold bracketing v. For example

M. =(MeM)e M.

It will be convenient to distinguish one bracketing, [n], with the placement of

parentheses expanded from the left:

(3] = (ee)e, [4] = ((ee)e)e, and so on.
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The composite associativity operators
(2.2) 8yt 0t MEP — MEP

can be constructed from products of the basic @y y,w (where U, V, W are tensor
products of X). These are all A module isomorphisms.

The n-fold bracketings form the vertices of a convex polytope K, in R*~2,
called the Stasheff associahedron. The edges correspond to the basic asso-
ciativity constraints and the 2 cells are pentagons and rectangles. A composite
associativity is represented by an edge path. The MacLane coherence theorem
says that the composite associativity between the spaces M®™ and M,f?” is in-
dependent of the decomposition into a product of basic associativities. This fact
follows from the simple connectivity of the 2 skeleton of K,.

Let Fr(M) be the free non-associative tensor algebra on M considered as a
module over A, and let ® denote the product. Fr(M) is a graded A-algebra with

components

Fr’(M) = 4,
Frl(M) = M,
Fr*(M) = M®?,

M) 2 (MeM)®M & Me(MeM)
— A®3 ®3
T e(ee) ® M(oo)o’

4 ~ ®4 ®4 4 ®4 ®4
Fr (M) e Mo(o(oo)) ® M(oo)(oo) ® Mo((oo).) ® M(o(oo))o ® M((oo)o)o’ and so on.

Consider the ideal J € Fr(M) with nth graded component generated by the

terms

(2.3) Ty — 8y »(T,) where =z, € M2" and 7, € Mg".
Define
(2.4) MO =F"(M)/J" and ()M =Mo"

PROPOSITION 2.1:

(1) The nth graded component, M®", of () M is naturally isomorphic to
M®?, where [n] is the distinguished vertex in K, defined above with

[n

bracketings expanded from the left.
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(2) The nonassociative multiplication ® on Fr(M) induces on ) M a multi-

plication ® which is quasi-associative in the sense
Ou[T1® - Q@ Tp] = Oprfayp(21 @+ ® z,)]

where ©®, abbreviates the operation of taking a product of n terms in
accordance with the bracketing v.

The proof is stralghtforward for details see the paper of Markl and Stasheft,
[10]. Suppose that we have Y 5 X®X in C, for which 7(Y) =3 ity = T(X)®T(X) =
M @M is an imbedding of A modules. Let E = f(T(Y)) — M ®M and consider
the ideal I of Fr(M) generated by E. Its nth graded component [ g”) is the sum
of terms fg"l)v in which E appears in position ¢ of a tensor product of n terms
bracketed according to the vertex v € K,,. The commutativity of the diagram

YoX)X —— (X0X)®X)®X
(2.5) aY,X,Xl ax@x.x.xl
YR(X®X) — (X®X)®(X®X)

and similar ones with ¥ in the middle of the tensor product or at the right imply
that the associativity operators acting on Fr™ (M) give well defined isomorphisms
between the components I3 E, z pand [ g’z,v, for a fixed ¢ (the position of the factor
E) and distinct bracketings v,v’. Let Ir C () M be the image of [r under the
quotient map from Fr(M) to (O M. Just as in the associative case, there are
precisely n — 1 summands Iglz and the choice of a particular bracketing, v € K,,
defines an isomorphism between Ig’z and Iglzv Define the quasi-associative

quadratic algebra
(2.6) {M,E}° = MO/
for I0V = I‘(E."} ot Iy (") _1, where
(n) {Z )OmMi_1) Ou) Omip1)---Omulu€ E, m; € M}.

This definition clearly reduces to the usual one when the associativity constraints
@y, give the standard identification of the various n-fold tensor products of A
modules.
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Suppose that we have two monoidal categories, C, D, both fibered over Mod 4
and a monoidal functor £: C — D which is compatible with the fiberings 7! and
T2, that is, the diagram

C _t, D

S
Mods —2— Mod,
is commutative. There are three natural equivalences (condition 2 in the defini-

tion) which appear in this situation, fx y related to the functor £, and the two
b’}(’y related to 7 for ¢ = 1,2. Consider the following diagram:

T(Y 0c 2) = THEY ¢ 2)) %2, T E(Y) @p £(2))

(2.7) b%f,zl b%(y),s(z{

THY)® TY(Z)

THE(Y)®T?(E(2) =THY)® T'(2),

where the A module isomorphism in the bottom row, which we shall denote by
fy, z, is defined so that the diagram commutes. The image of the associativity
constraint from C, &ﬁc,y, 7, is related to the image of the corresponding associa-

tivity constraint from D, 3% xy ¢(v).¢(z) DY

(2.8) (i[d®fr,z)o fxyezobkyzo fxeyz° (fxy ®id) = 33 (x),E(Y).E(2)"

Let M = TY(X) = T?(£(X)) for X an object in C. We can define two quasi-
associative algebras (O, M and (Op M, constructed from the images in Mod 4
of the associativity constraint of C and D respectively. In order to compare the
two we need the following fact: for any v € K, there is a well-defined A module
automorphism f,: M®" — M®" such that for any pair of vertices the following
diagram:

fo n

Mer —F ms

(2.9) & | .|
Mgn S Mgn

commutes. This follows from equation (2.8) and the fact that in any compo-
sition of elementary associativities the intermediate fU,v cancel. Let Je be
the ideal of Fr(M) defining (O, M and Jp the ideal defining (Op M. Define
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f: Fr(M) — Fr(M) as the sum of the f,. From the definition (2.4) and the
commutative diagram we conclude that there is an A module automorphism of
Fr" (M) mapping the ideal JZ to the ideal J3 and hence an isomorphism of
A modules between (D, M and (Op M. Furthermore, if ¥ — X ® X induces
an imbedding 7(Y) — T(X) ® 7(X), then diagram (2.5) and definition (2.6)
show that f induces an isomorphism between quadratic algebras. The preceding

discussion can be summarized in the following proposition.

PROPOSITION 2.2: Let C5D be a monoidal functor compatible with fiberings T*
and T? over the category of A modules. Let M = T*(X) = T?(£(X)). Assume
that we have a morphism in C, viXx ® X, and the corresponding morphism in D,
() Pe(x  X)™5€(X) ® £(X), which induce imbeddings Ey = T (Y) <
TYX)®TYX)=M®M and Ey = fx x(Ey) — M ® M. Let Iy be the ideal
in Qg M generated by Ey and Iy the ideal in (Op M generated by Ey. Define
quadratic algebras

(2.10) {M,By}? =()M/Iy and {M,Ey}3=_)M/Iy.
C D

Then the maps fv described above induce A module isomorphisms
OM=Qm
¢ D

(2.11) {M,Ey}¢ = {M,Ev}3.

3. Quadratic algebras of modules over QUE algebras

We specialize the constructions of the previous section to the case of the monoidal
category of modules over a QUE algebra of a simple Lie algebra. Let U.(G) =
(U(G)[[A]}, #n, A, Rr) be the Drinfeld-Jimbo QUE algebra, for G a simple Lie
algebra over C, in the nonstandard presentation with undeformed multiplication
as described in Section 1:

U@L u Ah=(03" @03 ) o Aroon, Ry = (07" ®a;")(Ra)).

The other QUE algebra we need to consider is Drinfeld’s quasi-Hopf deforma-
tion which we denote U(G)s, [5],

U(G)e = (UGB, 1, &, ™, 4).
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In this case the multiplication and comultiplication, ¢ and A, are undeformed,
the universal R matrix is a simple exponential, e**, and the coassociativity op-
erator, ¥, is derived from the transition between solutions of the Knizhnik—
Zamalodchikov equation with different asymptotics; see [4]. This latter construc-
tion allows one to assume that ®; can be expressed as an exponential e¥(htiz,htaz)
where @(a, b) is a series with values in the free C[[h]] Lie algebra generated by a
and b without constant or linear terms.

The categories C and D of U(G)s and Uj(G) modules, respectively, are
monoidal categories with fiberings over the category of C[[h]] modules given
by the forgetful functors. In both categories the objects are U(G)[[h]] modules
and the morphisms are U(G)[[h]] morphisms. In C the module structure on the
tensor product is undeformed but the associativity constraint is non-trivial, given
by the action of ®;. In D the module structure on the tensor product is defined
by the deformed coproduct and the associativity constraint is trivial. Drinfeld
has proved that there is an equivalence of braided monoidal categories cEp. ¢
is the identity on objects and morphisms (hence compatible with the fibering).
The natural transformation

E(X ®c V)2 E(X) 00 £(Y)

is given by the action on X ® Y of an invertible element of F, € U(G)®?([h]],
which satisfies the following identities, [5]:

(3.1) FaAB)FL = AL(B),
(3.2) Frae™Frt =Ry,
(3.3) Froa(id @A) (Fr)® = Friz(A ® id)(Fr).

Equation (3.3) implies equation (2.8) for any triple X, Y, Z since the associa-
tivity constraint in D induces the identity morphism of C[[h]] modules on the
right side of (2.8). Given (M, ppr), a representation of G on the C vector space
M, we can define an object X € C using the C[{h]] linear extension of pps to
represent U(G)[[h]] on M[[h]]. The fibering over C[[h]] modules, given by the
forgetful functor, sends X to M{[h]]. Let t be the representation of the polarized
Casimir operator t acting on M ® M and X an eigenvalue of t. Define ), = e**
and E), = Im(c o eh* — €M) + Im(t — A). As above set Ex, = fx x(E»,).
The equivalence of (braided) monoidal categories given by F and Proposition 2.2
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imply that the quadratic algebras {M[[R]}, £\, }$ and {M[[h]], E»,}$ are iso-
morphic as C[[h]] modules. The latter quadratic algebra can be identified as the
one appearing in Theorem 1.1. The operator f x,x is given by the representation
of F, on M ® M[[h]], which we have denoted F},. From the definition of the space
E,, we have

E), = Fi(Im(c o ™ — ™) 4 Im(t — \))
=Im(o o (Fra1e™ F; ) — ™) + Im(Fy(t — A)F1)
= Im(o o Ry — e") +Im(Th — A),

which agrees with the definition of the subspace Ej, given in {1.6). Since the
operator a induced by the associativity constraint in D is the identity, we have
the C[[h]] module isomorphism

(3.4) {M[[R]), En}¢ = {MI[h]], En}p = {M[[R], Ex}.

In order to prove flatness as asserted in the theorem, it is enough to prove flatness
for {M[[h]), Ex}&, to which we now proceed.

Let Iy, be the ideal in Oy, M[[h]] generated by E),. The nth graded compo-
nent 1, ,(1") is the sum of n — 1 terms

I = (MBI © By, ) © M0,

Each of these terms may be represented in many different ways depending on the
bracketing, but for each 1 < ¢ < n — 1 the different representations are equiv-
alent under quasi-associativity, as was pointed out in the discussion following
Proposition 2.1.

Define the nth polarized Casimir by

n—1
t™ = Al Z 1980 c 1% "1 = 9 Ztij,
i=0

where A is the (n — 1)st iterated comultiplication with values in U (6)®" and
t;; is the split Casimir appearing in positions 4, j. Let ¢(™) be the image of t(™)
under the representation p®": U(G)®" — End(V®") and set A(™ = n(n — 1)A.
Then define

J(n) = Ker(t(") - A(n))[Sn(M)

With these preliminaries, it is clear that once we have proven the following propo-
sition we have proven Theorem 1.1.
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ProposITION 3.1: Let [\  M[[h]|®} = M®"[[h]] be the image of I{
C MI[h)|°" under the isomorphism (M[(A]])°" = (M[[R]))F]. Let Ex =
Im(oc — 1) + Im(¢t — X) and I, the ideal generated by Ey in Q M. For each
n

(3.5) 1 =1 and M =I" @M.

Therefore we have the following splittings as C[[h]] modules:

(3.6) (MADES = 17 @ I (A

Proof: We use induction. For n = 2, by definition, f,(?) = E, = E, =

Im(o o et — €"*) + Im(t — A). We have Im(o o et — e"*) = Im((o 0 e"(*=%) — 1).

Writing e"¢=2) — 1 = (¢t — A)g(h, t, A), we see immediately
coeMt=) _1= (M _1)oc4+0~-1=0-1 modulo Im(t—)),

and therefore
I = Im(o — 1) + Im(t — 3) = IV[[A]).

h

Before proving the induction, we will prove

(3.7) I =Im(t, - N+ Y. Im(oi—1),
1<i<n—1

where t;, the endomorphism of M®™ given by ¢ acting in positions 4,i + 1 and
o;, is the transposition in positions 7,7 + 1 of the n-fold tensor product.

It follows immediately from the definition of the ideal I that

=3 (Im(t— ) +Im(o; - 1))
1<i<n~1

For any 4, t; is conjugate to t; by a suitable permutation. In general, for an
arbitrary endomorphism p conjugated by an arbitrary automorphism &, one has
the identity:
(3.8)
Im(ép¢™") = Im(ép) = Im((§~1+1)p) C Im(({—1)p)+Im(p) C Im({—1)+Im(p).

Applying this argument repeatedly, the case of ¢; — A conjugated by a product
of ;’s gives

(3.9) 3 Im(ti - A)+Im(o; —1)=Im(ti -\ + Y Im(o; - 1)

1<i<n~1 1<i<n—1
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Suppose that we have proven the theorem for n — 1. By definition
7 = 177 0c MI[K]) + (M[R)°" oc I € MK,

therefore, in M[[R]]®" (n]

I = 1070 @ MR + an [(M{[R]E"5) © En]

= (1Y ® M)[[A]) + a. [(ME=2 @ B)[[R]]],

where a,, is the associativity operator for C from (M[[h ]]([}i(HQ]Q ) @ (M[[R]]®?) to
[[h]] . It is defined by the action of

(A" gideid)d ! = (A1 @ id @ id)e#htizhta)

— e“P(h(tl,n—l+"'+tn—2'n—1)yhtn—1»n)
y

where, according to the usual convention, t;; € U(G)®™ for 1 < i < j < n means
the element with t in positions ¢ and j and 1 in the remaining positions. The

first equation follows from the mulitplicativity of A and the second follows from

iterating the relations
(A®id)t1s =tz +tes and (A ®id)tyz = tay.

Since p(htig, htos) is a function of commutators we can replace t;; by t;; — A.
Therefore there exists a function g of h and ¢; ,_; where ¢ runs from 1 to n — 2,

which is congruent to 1 modulo h (hence invertible), and such that
dn(tn-1 = A) = (tas1 —A)g mod Y Im(tin_1 — )

(3.10) = (to-1—A)g mod Im(t;—A)+ Y Im(oi—))
1<i<n—2

and
(3.11) an(on-1—1)=0p-1—1 mod Im(t,_1—A)+ Zlm in—1—
Equations (3.10) and (3.11) together with the induction hypothesis imply

K =1m(t =2+ > Im(oi ~ 1) + dnllm(tay = A) + Im(oy_1 — 1)]
1<i<n -2
=1Im + Y Im(oi — 1) +Im(ta—1 — A) + Im(0p_1 — 1)
1<i<n~2

= Im(él - /\) + Z Im(ai - 1)

1<i<n~-1



142 J. DONIN AND S. SHNIDER Isr. J. Math.

To complete the proof we need to show that J i") is a complementary subspace
to ] i") in the C vector space M®". First of all it is clear that the subspace S™(M)
of symmetric n tensors is a complement to » ;.. ,_; Im(o; — 1). By repeated
application of (3.8) it is clear that (™ and n(n - I)tl induce the same operator
on the quotient M®" /(3" Im(o; — 1)). Thus

Im(t; — A+ Y Im(e; —1)=Im@™ - A™)+ 3" Im(o; —1).
1<i<n—1 1<i<n—1

Since S™(M) is invariant under (™ and the latter acts semisimply, we have
S(n) (M) = Im(t(”) - /\(n))IS"(M) ) Ker(t(") - A(n))‘sn(M)
= Im(t(") - )\(n))lsﬂ(M) & J>(‘n)

Therefore

M® = )" TIm(o; - 1)@ S™(M)

1<i<n—1
_ o (r) _ y\() (n)
= Y Im(o; - 1) @ Im(t™ — A)|gaar) & J}
1<i<n—1
=(Im(t; - N+ Y, Im(o;~1) &I

1<i<n—1

e,

This proves our proposition and hence the main theorem for quantum spaces

associated to the quantized enveloping algebras. ]

4. Quantum semigroups

The situation for the quantum semigroups, function algebras which are quadratic
algebras defined on End(M},), is somewhat different since the relevant category
in this case is the category of bimodules over U(G)s and Un(G). The defining
ideal comes from the braiding on bimodules

SX,Y

XY =YX
T®Y Ruor- (Y1) Rigy-
The associativity constraint is given by

(XRY)®Z "5 X® (Y ® Z)
(rRY®2— -z (HR2) 7L
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The initial, naive, definition of the defining subspace is

E} = span{Rpa1(y ® 2)R;}, — z ® y|z,y € End(My)}
= span{(c o Rp)z @ y(R;' 0 0) ~ z @ y|z,y € End(M,)}
=span{{c o Rp)z ® y — z @ y(o o Rp)|z,y € End(My)}
= Im(ad(c o Rp))
where ad indicates commutator in End(M},). As before, in general, this will not

give a flat deformation, so we modify the definition of I ,(12) by adding
Im(ad(FntF;')). The correct definitions are

Eh,aa =Im(ad(o o Rp)) + Im(ad(FutF 1))

E,q = Im(ad(0)) + Im(ad(t)).
THEOREM 4.1 (Quantum semigroups): The quadratic algebra
{End(M4), En aqa} is formally flat and defines a quadratic deformation of
{End(M), E.a}. The undeformed algebra can be identified with the subalge-
bra of the symmetric algebra S(End(M)) consisting of endomorphisms com-

muting with the split Casimir operator, where we use the natural imbedding
S™"(End(M)) — ®™(End(M)) = End(M®").

Once again we prove the theorem by considering the corresponding quasi-
associative quadratic algebra which is a quotient of (), End(M}) by the ideal
I}, a4 defined from

Eh 2a = Im(ad(o 0 e"*)) + Im(ad(¢)).
The inductive definition of the nth graded component of I .4 is
LM, = I".D ©c End(My) + End(My)°™2 O¢ B aa.
Let [ ,(zd be the image of ], ,(:gd under the C[[h]] isomorphism of End(M})®" with
End(Mh)E%‘; then
Iy = I ©c End(M) + an[End(M,)2"=2) @c Ep ]

where the associativity constraint a, is now given by conjugation by
(A["‘2] ® id®2)<I>. Using the exponential expression for ® gives

U = ead o(h(t1,n-1 +"'+tn—2,n—1);htn—l,n).
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PROPOSITION 4.2:

I =Im(ad(tr)) + Y. Im(ad(e:))
1<i<n—1

=IQ([h]).

The proof of the proposition follows from the same arguments as in the proof
of (3.5) together with the following simple lemma applied to products of ¢, ;
and o;.

LEMMA 4.3: Let u,v,w € End(M); then
[uv, w] = [u, vw] + [v, wu)

therefore
Im(ad(uwv)) C Im(ad(u)) + Im(ad(v)).

Remark: Let us consider in the non-associative context the example discussed
at the end of §1 of the 4 dimensional representation of (2). It is easy to see that
if A2M = Im(t— A;)(t— Ag) then Ej, = Im(coeht —ehM1)(goeh? —eh?2) = A2 M,
Thus in M2, E, has a complementary C[[h]] submodule given by symmetric 2
tensors, S2M,. However, we shall see that the subspace Ep @ My + a[M), ® Ej]
in the triple tensor product (M, ,?3)(..). (as above, a is the associativity operator)
doesn’t have a complementary submodule. Modulo k (or at h = 0), we have the
vectorspace decomposition

M® =M a(NPM M+ M®AM).

The dimension of S3M is 20 and the dimension of the term in parentheses is
44, since A2M ® M N M ® A’M equals A3M. Now consider the C[[h]] module
En®Mp+a(Mr®E}), where, in this case, a has the form 191®1+h* X AX_AH
mod h3. The action of X, A X_ A H on an element of A3M gives a symmetric 3
tensor. A recursive argument shows that A2Mj, ® My Na(M, ® A*My) = 0 and
AZM), ® My, +a(Mr®A2M},) is a direct sum. Let L be a vectorspace complement
to A3M in A2M ® M and P a vectorspace complement to ASM in M ® A2M;
then

A2M, ® My, @ a[My, ® A2My) = L[[h]] ® A*M[[R]] @ a(P[[h]}) & AN,
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where, modulo h, the basis for N ¢ S3M has the form
{(Xp  AX_ANH)eiNejANew)}

where {e1, €2, €3, €4} is a basis for M. The term h%2N means that there is torsion
in the quotient module

M2/ IN2 My, @ My + a(Mp @ A2 Mp)]

and thus the quadratic algebra is not a free C[[h]] module as required for flatness.
To see the relation to our remarks in Section 1, note that the element X, AX_AH
is the Schouten bracket of the classical R-matrix and, if it does not vanish,
then the associated bracket will not in general satisfy the Jacobi identity. In
particular the Jacobi identity fails in the polynomial algebra of the 4 dimensional
representation of sl(2).

5. Examples

1. In the case when G = sl(n) and M = C™ is the fundamental representation,
we have the standard Drinfeld-Jimbo R matrix

Ry = el Zeii Qe + Zeii ®ej;+ Z(eh - e‘h) Zeij ® €.
i

i#j i>j

Set A\r, = e and pp = —e~*. The symmetric and skew-symmetric subspaces
of M®? are irreducible, therefore the appearance of the Casimir element does
affect the “naive” definitions and we get for the undeformed algebras the usual
symmetric and exterior algebras. In this case the associative quadratic deforma-
tions defined in section 3 above reduce to Manin’s construction of quantum linear

spaces associated to the Drinfeld-Jimbo R matrix. Similarly, for End(M),
Is =Im(ad(0)) and Ij a4 = Im(ad(o o Ry))

so we have Manin’s construction of the quantum semi-group end(M).

2. In the case G = so(n) and the fundamental representation, the presence of
the Casimir operator is essential. Here the second symmetric power, S%(M),
is the sum of two irreducibles, the trivial one dimensional representation on the
element v = ) e; ®e; where {e;} is an orthonormal basis for M, and the other an
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orthogonal complement, S2(M). Let w_ be the orthogonal projection on AZM,
mp the orthogonal projection on SZ(M), and m; the orthogonal projection on v,
and 7y = mo + 7. Let A_, Ao, A1 be the eigenvalues of ¢ on the corresponding
subspaces, s0 t = A_w_ 4+ Apmp + A;m1. Using our previous convention, Ay can
be either Ag or A;. Then

Ey, =Im(t — Xo) + Im(o — 1)
=Im((A= — Ag)7m~ + (A1 = Ao)m) + Im((—7— + mg + m1) — (7= + w0 + 1))
= Im(n_) + Im(m;).

We can consider the undeformed quadratic algebra as constructed in two stages,
first taking the quotient relative to the ideal defined by Im(w_), which gives
us the usual symmetric algebra, and then passing to the quotient relative to
the ideal in the symmetric algebra generated by Im(m;). This gives the quotient
of a polynomial algebra in n variables z; modulo the ideal generated by the
polynomial g(x) = ¥ 22, which is the algebra of polynomial functions on the cone
g(z) = 0. Our construction gives a flat quadratic deformation of this algebra.

If we consider the other eigenvalue of ¢ on the symmetric elements, Ay = Aj, the
subspace Ey, = Im(7_) +Im(m) has codimension 1 and for n > 2, I f\’:) = M®".
This gives us an algebra of dimension n + 2 with C basis {1, z1,...,Zn, 2} and
the only nontrivial products 1z; = z;1 = x;, £2 = z for all 4.

Since ¢ has a unique eigenvalue A_ on the skew symmetric elements,

Im(o +1) + Im(t — A_) = Im(0 + 1),

and @{M,I,_} = A M.
When we consider the matrices End(M ), the defining ideal for the undeformed
quadratic algebra is generated by

Im(ad(t)) + Im(ad(o)) = Im(ad(c)) + Im(ad(mp)).

If we construct the quadratic algebra in two stages we get first the symmetric
algebra, which, as above, we identify with the polynomials in variables z;; for

1 < 4,5 < n. The second step is to quotient by the ideal generated by Im(ad(mg)).
Then

1
Ty = ;Zeij ® €35,
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and
ad(‘ll'o)(.’l,'pqiv-,-s) = Z 6jp§jrx¢pwis — Zéqiésixpjmrj~
b)j

Therefore a basis of polynomials in Im(ad(7g)) is given by
injl‘ik, Z zjiTki, forj#k and Z TijTij — Z Tjei i
i i i i

The quotient is the function algebra of the conformal matrices (with arbitrary
conformal factor, including 0). The quadratic deformation so defined is Manin’s
quantum conformal semigroup end(M, g).

3. Similarly when G = sp(n) and M = C?" is the fundamental representation,
we have the decomposition of M? into three irreducibles: S?(M), the trivial
one dimensional representation on the invariant skew-symmetric element w, and
AZ(M), the complement to w in A2(M). It is easy to check that the split Casimir
operator has distinct eigenvalues on the invariant subspaces. In this case we get
deformations of the symmetric algebra, the exterior algebra modulo the ideal
generated by the symplectic form, and a finite dimensional algebra of dimension
n + 2, analogous to the example for so(n).

4. 1In the general case, let M be a representation of a semisimple Lie alge-
bra G and Jy be the X eigenspace of the split Casimir ¢ in S?2(M). E\ =
Im(t~A)+Im(o—1) is the sum of eigensubspaces corresponding to the other eigen-
values of t in S?(M) and A2(M). Then M®2 = J@E). Theorem 1.1 gives the flat
deformation of the quadratic algebra @Q{M, I}. The nth homogeneous compo-
nent of this algebra will be isomorphic to the space J™ = ﬂ?;ll Jii—1 C M®™,

In particular, let M have the highest weight «, J, the component in S?(M)
of the highest weight 2o and E, the sum of all the other weight spaces. The
split Casimir separates J, since this space corresponds to the strictly maximal
eigenvalue (a,a). It follows from a theorem of B. Kostant, see [8], that the
quadratic algebra {M, E,} is the algebra of functions on the orbit of the highest
vector under action on M of the group G corresponding to the algebra G. Its
component in graded degree n is isomorphic as a G module to the irreducible
subrepresentation of M®" of the highest weight na and Theorem 1.1 gives the
deformation (or quantization) Aj, of this algebra by the R-matrix Poisson bracket.
This bracket is induced on the orbit by the Drinfeld-Jimbo R-matrix of the form

1 2
(4.1) R=RDJ=§€ZQXQ/\X_QE/\ g,
aglly
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where {Hy, Xo, X_a}, @ € 4, is the Cartan—Chevalley system in G and Q. is
the set of all positive roots of G. Other proofs of the existence of quantization
of the R-matrix Poisson bracket on the highest weight orbits and on the flag
manifolds not using the Kostant theorem are given in {1} and [2].

5. When we consider the matrices End(M), for an arbitrary representation of
a semisimple Lie algebra G, the quantum semigroup constructed described in
Theorem 3.2 is a deformation of the function algebra with defining equation

Z tij el TkemTin — el mnTik®i = 0,

kl
where t;; k1 is the split Casimir acting on M ® M and x;; are the coordinate func-
tions of End(M). This is the function algebra of the semigroup of endomorphisms
a of M such that the product endomorphism a ® a preserve the eigenspaces of
the Casimir acting on M @ M.

6. The results of this paper can be deduced from the following general resuit.

Let V be a finite dimensional vector space and S a semisimple linear operator
acting on V @ V. Then we have the following decomposition: V@V = @}, Ik,
where I are eigenspaces corresponding to the distinct eigenvalues, Ay, ..., Ay, Of
S. Denote Jp = @i# IL,so VRV =I&J.

Denote by A3(S) the associative subalgebra in End(V ® V') generated by . It
is a semisimple algebra. Let A,(S) be the associative subalgebra in End(V®")
generated by the operators S;, i = 1,...,n — 1, where S; denotes the operator on
End(V®™) which coincides with S in the position 4,4 + 1 and is identical in the
other positions.

Let S, be a deformation of the operator S, Sp = S. Suppose that the al-
gebra A2(Sh) has a constant dimension as a vector space, i.e. dim Aa(Sy) =
dim A2(Sp). Then the deformations of eigenvalues, A r, and the corresponding
eigenspaces, I n, are well defined, therefore the deformations of the subspaces

Ji,» are also well defined.

THEOREM: If all the algebras A,(So), n = 2,3,.., are semisimple and
dim A4, (Sy) = dim An(So), then (V, Ji ») defines a flat deformation of the qua-
dratic algebra (V, Ji) for all k = 1,...,m. Moreover, in this case the quantum
semigroup associated to S, forms a flat deformation of the quantum semigroup

associated to S.

We shall give the proof of the theorem in a forthcoming paper.
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